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II. On the Attractions of an extensive Class of Spheroids. By 
J. Ivory, A. M. Communicated by Henry Brougham, Esq. 
F. R. S. M.P. 

Read November 14, 1811. 

In this discourse I propose to investigate the attractions of a 
very extensive class of spheroids, of which the general de- 
scription is, that they have their radii expressed by rational 
and integral functions of three rectangular co-ordinates of a 
point in the surface of a sphere. Such spheroids may be cha- 
racterized more precisely in the following manner : conceive 
a sphere of which the radius is unit, and three planes inter- 
secting one another at right angles in the centre ; from any 
point in the surface of the sphere draw three perpendicular 
co-ordinates to the fixed planes, and through the same point 
in the surface likewise draw a right line from the centre, and 
cut off from that line a part equal to any rational and integral 
function of the three co-ordinates : then will the extremity of 
the part so cut off be a point in the surface of a spheroid of 
the kind alluded to ; and all the points in the same surface 
will be determined by making the like construction for every 
point in the surface of the sphere. The term of a rational 
and integral function is not to be strictly confined here to such 
functions only as consist of a finite number of terms ; it may 
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include infinite serieses, provided they are converging ones ;; 
and it may even be extended to any algebraic expressions that 
can be expanded into such serieses. This class of spheroids 
comprehends the sphere, the ellipsoid, both sorts of ellip- 
tical spheroids of revolution, and an infinite number of other 
figures, as well such as can be described by the revolving 
of curves about their axes, as others which cannot be so* 
generated. 

In the second chapter of the third book of the Mecanique 
Celeste, Laplace has treated of the attractions of spheroids of 
every kind ; and in particular he has given a very ingenious 
method for computing the attractive forces of that class which 
in their figures approach nearly to spheres. In studying that 
work, I discovered that the learned author had fallen into an 
error in the proof of his fundamental theorem ; in consequence 
of which he has represented his method as applicable to all 
spheroids whatever, provided they do not differ much from 
spheres ; whereas in truth, when the error of calculation is 
corrected, and the demonstration made rigorous, his analysis 
is confined exclusively to that particular kind, described above, 
which it is proposed to make the subject of this discourse. I 
have already treated of this matter in a separate paper, in 
which I have pointed out the source of Laplace's mistake, 
and likewise have strictly demonstrated his method for the 
instances that properly fall within its scope. In farther con- 
sidering the same subject, it occurred to me that the investi- 
gation in the second chapter of the third book of the Mecanique 
Celeste, however skilfully and ingeniously conceived, is never-* 
theless indirect, and is besides liable to another objection of 
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still greater weight ; it does not exhibit the several terms of 
the series for the attractive foree in separate and independent 
expressions: it only points out in what manner they may be 
derived successively, one after another ; in so much that the 
terms of the series near the beginning cannot be found with- 
out previously computing all the rest. This remark gave 
occasion to the following paper, in which it is my design to 
give a solution of the problem which is not chargeable with 
the imperfections just mentioned : the analysis is direct, and 
every term of the series for the attractive force is deduced 
immediately from the radius of the spheroid. As the ellipsoid, 
which comprehends both sorts of elliptical spheroids of revo- 
lution, falls within the class of figures here treated of, I have 
derived, as a corollary from my investigation, the formulas 
for the attractions of that figure which are required in the 
theory of the earth : this paper therefore will contain all that 
is useful on the subject of the attractions of spheroids, as far 
as our knowledge at present extends, deduced by one uniform 
mode of analysis. 

Having mentioned the principal object of this discourse, I 
must likewise notice a subordinate purpose I have in view ; it 
is to put in a clear light the real grounds of Laplace's me- 
thod, and of the equivalent method delivered in the following 
pages; to the accomplishment of which nothing is likely to 
contribute so much, as a direct and rigorous analysis perspi- 
cuously conducted. To promote the same end still farther, by 
preserving greater order and perspicuity in treating a subject 
in its own nature very complicated, this paper will be divided 
into two principal sections: in the first section it is proposed 
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to lay down the analytical propositions on which the investi- 
gation is founded : the secBnli^section will contain the solution 
of the problem under consideitition. 

One more preliminary' observation it is proper to add. The 
problem of attractions contains two cases ; when the density 
of the attracting body is uniform throughout; when it varies 
according to any given law : it is in the first of these two 
cases that the Chief difficulties occur ; and as I have nothing 
new to add on the second case, I shall here confine my atten- 
tion to homogeneous spheroids, unit being supposed to denote 
the density. 

I. 

Preliminary, Investigations. 

1. Let /a denote the cosine of an angle, and let 

/= j;*— zra.p -J- a' |*; 

then the truth of the following equation in partial fluxions 
will be proved merely by performing the operations indicated, 
viz. 

(1 — /•'.)■ • \— f r J + V~~^^ / == °' 

Now put S ^j—n ; then 



1 l dS \ „ 1 1 j 



therefore, on account of the first equation, we shall obtain by 
substitution, 

mdcccxii. H 
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. ^n I ddS \ . (d. f (r— /**)* + * • (-j-) } 1 _ , 

~~ m . (1 - p) . [2^ J + J L ___ liii j = *. 

3. Let -j be reduced into a series of the descending powers 
ofr; then: 

4- = c< 0) . i- 4. c f,) . 4 + c< 2) . £ ... . * c (0 . -j-, &c. 

and C^ will be a rational and integral function of ^ of i dimen- 
sions: substitute this series for S in the equation last found 
!» being s= 0), and we shall obtain 



i (i 4. 1) CW + — - £iL — = (1). 



Again, take the fluxions n times successively in — and like- 
wise in the series equivalent to it, making ^ the only variable? 



and we shall get 



/»» + » "" I.3S...ZW-I* * l r 2ra+! * "^ T r zn-t2l' df •""'"* 

substitute tliis series for S in the equation of No. 1, and we 

shall get 



dp n '* d v- 

- (2). 

From, this last equation it follows that 

v » d^cCO. 
djJ* 
when the fluent is taken between- the limits /* =. — ■ 1 and? 



f n d n CW 
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p 2=2 1 1 for the fluent in question is equal to — iZ n 'l+n+i " 

(i—f6*y +t • - — - a a quantity which is evanescent at both 
the limits. 

If we consider i£ as a symbolical representation of C^» 



A ° 



the equation (1) will be included in the equation (a) ; whence 

<l n c{i) 

it is easy to infer that whatever is proved of — - by the help 

dp. 

of the equation (a) may be transferred to C w by putting 
n = 0; a remark, that will enable us to consult brevity, and 
of which we shall freely avail ourselves. 

3. It is now proposed to find the value of C' 1 ' in a series 
of the powers of ^.* The equation (2 ), by expanding its last 
term, will become 

let the series 

A (o) X 4- A (,) ^'- 2 + A (2) p 1 "" 4 .... + A (s) . /t i *- 2s ... -f. &a 
be assumed as equivalent to C^ ; then by substituting and 
equating the coefficient of p~ 2S to 0, we shall get 
A^ — itz±l±ll ('-» + ') A^"" 1 ^* 

and, by putting 5 = 1,5 = 2, &c. successively, we shall hence 
be able to determine the proportions of all the coefficients to 

the first one A^ , which must be investigated from other 
considerations. Now C^ is the coefficient of 4~~ in the ex- 

• Mec. Celeste Liv. 3c, No. 15. 

H 2 
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\ — § 
pansion of -~ =r (7 r^y§ . ( 1 — ~£) * ; and, by the bino- 

1.3.5 .... 21—1 

2.4,6.... zi 



mial theorem, the term containing /*'' will be = l — .\""" ■* x 



F+TP+t = Txhr-i- • ttt • V + f) - whence ll 1S 

plain that A^° = 'a'! ",'. ' . 'T' : consequently, 

C (l) — '-3-5 - « *-» f ' — .f(«'--.0 i-« , »(»'-0 ('-2) (i-3) 

^ — i.a 3 ... i X lr a(ai-i) * f T 2 . 4 .( 2 *~ ,) (2i_ 3 ) * 

^-&C.} 

If we take the fluxions » times successively in the last for- 
mula, we shall obtain 

d*CV ' 1.3.5 2t — l S tj~ n ___ i — n.i — n — i i—n—2 . 

dt n ~~~ 1.2.3 ..... i-n ' \l " 2.21-1 * V" "T* 

i-„ i-n-i ■ i^n =1 A = n =1 i-«-+ _ &c I 

2.4 . 21— I . 2i— 3 ~ J 

When z* — n is an even number, — - will contain a part, 
equal to 

4. *-35 •..»+»+! 

— 2.4-6 ... i— n * 

independent of j» ; and when i — n is an odd number, the same 
quantity will contain a part, equal to 

— 2.4.6 .... i—n—i '.r* 

multiplied by/** only: these two parts of the value of ^ 

we shall afterwards have occasion to refer to. 
4. It is proposed to investigate the fluent of 

UfA. 

between the limits ^ = ►— 1 and ^ = l ; supposing P to be a 
rational and integral function of /*. 
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On account of the equation (2), we get 

and, by integrating by parts, 

f (1- /*')" • — ° • P . du = ~ ... f. . ( i_„.y + » 

and, by rejecting that part of the fluent which is evanescent 
at both the limits, we have 

f(i-^f . £h (0 . p . dp = , — i_ . Ai-a*0" + ' 

J rf/ r *-n./ + »+i 7 ^ r J 

In this last equation the expressions on both sides are 
entirely similar ; and therefore by a repetition of the same 
operations we shall obtain 

and exterminating the integral common to both these eaua- 
tions, we shall get 

fu _ „.)» . £!£ (0 . P , rf = , — 1 . 

./ J^ ' i-n . i-n~i ^ 1 + « + 1 . z + m + 2. 

It is evident we may continue the like operations as far as we 
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please : for abridging expressions let 

■<r -=.i—n . i — n*~- 1 . i — n — 2 i — n — m -f- 1 ; 

t s= z + » + 1 - i 4" n ~f~ 3 • z " ~f* n H" 3 z + » + OT » 

then after m successive operations we shall get, 









If m, less then i — n, denote the dimensions of P, then 

dp" 

•will be a constant quantity, and the fluent on the right-hand 
side will be = (No. 2) : hence this theorem, viz. 

" If P be a rational and integral function of p, and of less 
4i dimensions than i — n, then 



p 



** when the whole fluent is taken between the limits p. = — 1 



"and/* = 1." 



If the dimensions of P be not less than i — n, put m~i — ?i, 



ic® 






and for — : write its value, 1.3.5.... 9.1 — 1 (3) ; and the pre* 

dp 



n d n CV' -n j i — n + i.i — n + 2 ...... i + n 

rf/ ' 2 '4' 6 2I 



ceding formula will become 
/ ( 1 — \£ ) . — - . P . fl , 

y-» • vj^— -ftp 

and hence, /3 (w) = ,_ B+1 . i _l +a Hn , we have 

... / ( 1 — W- ) . — : . to 
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By means of the last formula the fluent in question will be 
reduced to the integration of expressions of this kind, viz. 

p~~ l . (1 — p*Y . dp; a research with which mathematicians 
are familiar. In the first place when s is even ; then, consi- 
dering the definite fluent between the limits p = — 1 and p=i : 
we have 

/ p" 1 . (1 — p*)* . dp = : 
and indeed, supposing P to be any odd function of p, we have 

more generally J P . dp = o, between the same limits. Ira: 

the second place when s is odd ; then, taking the definite 
fluent as before, 

I \ r J r s 2Z + S ZlJfS — T. 2J-J-5— 4. 2 + S 

The observations that have already been made are sufficient 
to point out in what manner the expressions of the fluents- 
under consideration may be formed with great practical com- 
modiousness. 

5. Let p, p% y denote the cosines of the three sides of a 
spherical triangle ; and let <p be the angle opposite to the side 
whose cosine is y : then, according to what is taught in sphe- 
rical trigonometry, 

y = pp H -j- V 1 — p* . V 1 — p* . cos. <p ; 

suppose farther that/== {r* — am .. 7 -|- a*| V 
and let 

j - Q (0) • t + Q (0 • t* + Q (3) ■ I + Q v) . ^ &c * 

it is required to expand Q (l) , which is the same function of 7 

that C w is of p, into a series of the cosines of <p: and its-. mul- 
tiples, * 

* Mec. Cel. Liv. 3c No. 15,., 
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Laplace has proved that every one of the coefficients in the 
series for y will satisfy an equation in partial fluxions which 
is thus generally expressed for Q , viz. 

This is a fundamental equation in his investigation, and it is 
necessary for effecting the expansion here proposed : but we 
shall refer to Laplace's work for the demonstration of it.* 

It is plain that Q , when it is considered as a function of ft 
and the cosines of <p and its multiples, may be thus repre- 
sented, viz. 

Q<° = H (o) + (i _ p )*" . H (,) . cos. * + (!-,*•)*. H (2) . 

COS. 2$> -f- & c - 

the general term of the series being ( l— jt* 4 )* . h' b ' . cos. n<p, 
which ought to satisfy Laplace's equation in partial fluxions : 
now, having actually substituted that quantity in the equation 
mentioned, and having divided all the terms by cos. nip, I have 
found, 

(,'— „)(,•+»+!). (l-^.H W -2(»+l) p. (l-/*«)* 

and, after having multiplied all the terms by ( l — /**)*, the 
result will be equivalent to this equation, viz. 

(/-*) (i+»+x) ( i~K) n • rt n) + 1- *— = 0, 

whence it follows (equat. s.) that H (a) = B 00 . ^'\ where 

aft 
* Mec. Cel. No. 9, Liv. 3c, and No. 1 1, Liv. ad. 
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B^ denotes a quantity that does not contain p ; therefore the 
general term of the series for Q<° is B (n) . (1— ■/*•)■* • — .^ *■ 

cos. n<pv but as ^ and Renter alike into the expression of Q^\ 
it is clear that they will be both equally concerned in every 
term of its expansion : therefore the general term of the series 
will be, 

(3 W.( I .-K) i -('-n-.f < '' ) -^ W -co,^ 

where C'^ is put to denote the same function of ^ r that C^ 

'does- of /»-'; and (S^ is a quantity that contains neither ft nor 
p', and which can only be a numeral coefficient, and is all that 
now remains unknown. 

In order to determine (^ n \ we must follow the process of 

Laplace.* It is to be observed that Q^ is the coefficient of 
% — in the expansion, of the radical \r*~- zra .y-j-a* >""*==: 

..|/*t zra:. (:^+ </\ — p*. \/i. — ]F . cos. <f>) + a 1 }""*;: 
which^ when the; squares, and other higher powers are neg~ 
lected, will be equal to 
|r»— . zra . cos. $ -J- fl*}"~^ + ra . jt*/*'\- y* — zra... cos. $ 

from the first term of this expression are derived all the parts 
of the expansion of the radical jrH— ■ zra .'35 -J* a a ]~^ which 
are independent on p and ^'; and from the second term of it 
are derived all those parts which contain only '[ip' t without the 
squares and higher powers:, now if we determine the parts 

* Mec. Cel. Liv. $e, No. 15, 
MDCCCXII. Ii 
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mentioned by the actual expansion of the two radicals, and- 

likewise determine the corresponding parts of Q^ by means 
of the formulas in No. 3; the comparison of the equivalent 
expressions will determine the values of the coefficients re- 
quired. 

To execute the operations alluded to, let c denote the number 
whose hyperbolic logarithm is unit ; then 

|/*-2ra . cos. <p -J- a'}"~ s = (r-— a . ft r-*j— ' ,{r — a . 

*-+*=«)- 1 

and if we represent the expansions of the two binomials by 

the serieses 

_ + A .— +A .— +&c. 

JL 4. A W -L^T* — j. A< 2) -£- c " 2?V/:=r J- *n 

7 + A - r 7+7 + A -^ + &c - 

we shall obtain the expansion of the radical by multiplying the 
two serieses : letp and q denote the ranks of any two terms 
in both serieses, then the part of the expansion derived from 
the multiplication of the aforesaid parts, will be 

r p+q + 2S t 2 j » 

or, «A<» . A<'> . JgL; . cos. (p-q) . *. 

When/— n is an even number, we have only to make 
P-\-qz=i y and p — q = n, and s = ■§■ ; and we shall get 

1.3,5 ■■••*—«— 1 i.*.c....i+«--i 

2 x — ^-i •: x — *4 — -~ . cos. «<z>, 

2.4.6.... J— » ~ 2.4.6.... ! + » -T» 

for the part of the coefficient of 4--, or of Q (l) , which is mul- 
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tiplied by cos. n<p and clear of ^ and y! \ but the like part of 

/3 (n) . (1 -p*) 5 • (1-/')* • ~ ° • T° ' cos - w * C which is 

the whole expression of the part of Q' multiplied by cos. nq>) : 
obtained by the help of the formulas in No. 3, is 

Jn) /i.?.c....i+«— 1\" 

\2.4.6.... i—n 1 T 

therefore by equating the equivalent expressions, we get 
flC) — -i 

<-" i^-n+i.i—n+z i+n ' 

When i — n is odd, make p + q — i • — 1 ; /> — q = n; s = f : 
then we will obtain 

2 X " ' v " tt • — ^-7 — = . W* • COS. 1Kb 

Z.4.6....J + M— I 2.4.6.... 2—K—l .fT. ■ r 

for the part of Q , or of the coefficient of -^— , which is mul- 
tiplied by jMjt*' . cos, nip: but the like part of ft- . . (1 — p*)*.. 
(•1 — [A, n ) r . - — . — . cos. nip, obtained by the formulas 

d/A dfjt, 

in No. 3, is 

whence we get, in this case also, 

a( b > = I . - 

' i— «-f 1 . i— n+2... i-i-n ' 

Now if we write 2/3*- in the place of $ N) ; that is, if we 
henceforth put (as in No. 4) 

fl(«) -. L_ . 

f i — n-j-i . j'_m-{-3 . j — w-1-3 i-j-n ' 

then all the terms of the expansion we are seeking, will be 
found by making n = 1, n — 2, » = 3, &c. successively, and 
it will be thus expressed, viz. 

I 2 
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+ s/3 w .(i— ^.(1— u") 1 .— - . — .cos. 2® 
; <fc <V 2 

4.3/3^.(1— ft «)» 1 -( 1 - /t '-)*.-_ - ._. .cos.^ 

&c. 

II. 

Investigation of the Attractions of Spheroids of a particular Kind* 

6. Instead of seeking immediately the attraction of a spheroid 
in any proposed direction, it will be more advantageous to 
investigate (as Laplace has done) the value of the expres- 
sion (to be henceforth denoted by V ) which is the sum of 
the quotients produced by dividing all the molecules of the 
mass of the spheroid by their respective distances from the 
attracted point. For such is the nature of the analytical ex- 
pression now mentioned, that if it be first transformed into a 
function of three rectangular co-ordinates one of which is 
parallel to a line given by position, and the fluxion with re- 
gard to this co-ordinate be taken ; the coefficient of the partial 
fluxion after its sign is changed, will denote the attractive 
force which acts parallel to the given line. In order to de- 
monstrate this property of the function V, we shall suppose 
that x, y, z denote the co-ordinates of the molecule dM, and 
a, b t c, the co-ordinates of the attracted point : then 

the fluent being understood to be extended to all the mole- 
cules of the mass of the spheroid : now if the fluxion of this 
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expression be taken, making a the only variable, we shall 
have 

Ada } J ^ a _ x) ^ (b _ y y +Cc _ z yli' 

where the expression on the right hand side is the attractive 
force parallel to a, as will readily appear by decomposing the 
direct attractions of all the molecules into the partial attrac- 
tions parallel to the co-ordinates. But, besides enabling us to 
find the attractive force in any proposed direction, the func- 
tion V has another advantage ; for it is this function, and not 
the expressions of the attractive forces, which enters into the 
equation of the surface of a body, wholly or partly fluid, in a 
state of equilibrium.* 

The expression for V, exhibited above is not of a commo- 
dious form, and on this account it becomes necessary to trans- 
form it. Let x = R' cos. 6 f ; y = R' sin. $' cos. •&* ; and z = R' 
sin. 6' sin. ra-' ; then will R' be the line drawn from the mole- 
cule dM to the origin of the co-ordinates ; 0" will be the angle 
which R' makes with the axis of x ; and -&' the angle which 
the projection of R y upon the plane to which x is perpendicu- 
lar, makes with a line given by position in the same plane : 
from the assumed values of x, y, z, it is easy to derive these 
new values, viz. 



x — R' cos. V =3 s/R*—f 



z 



y ea R' an. ff cos. *r'~ VR'* sin. a 0'— z" 

x — R' sin. 6' sin. ■&' : , 
and, by taking the fluxions so as to make x vary with R\ y 
with 6', and z with <sr'; which will leave dx, dy, dz, as well as 
dW, d&, dsr', unrelated and independent on one another as the 

* Mec. Cel. Liv. 3, No. 4. 
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case requires j we shall have 

R'dR' rfR' 

-/R'*— y— z? ~~" cos. 6* 

R'* sin. 6' cos, 0'. rffi' . R' cos. 6'. ffl 



dx — 
dy = 



VR'» sin. *kZn? ~ c °s- *>* 

d% === R' sin. 6' cos. w' . dW': 
consequently (the density being denoted by unit) dM z=dx . 
dy.dz = R'\ dR' . d6' sin. 6' . dsr. Farther, let a = r cos. 6,b = r 
sin. 6 cos. vr, c = r sin. 6 sin. w ; then, by substitution, 

■*v ._ /7Y r* • <?&' • <w sin. y . dw 

~~JJJ V>*— 2rR\(cos. 8 cos. 6' + sin. 6 sin. fi' cos. (w'— w)) + R' z 

and if we put cos. = ^, cos. (3'= ^'; then 

v — /YT R/ * • «* ri • «v • **' i 

~~JJJ i/pCTarR' . 7 + R ■* l /•■ .> 

7 = jW-ft' -f \/l — p < V 1 — jt*'* . COS. (w' 73") J 

7. When the attracted point is without the surface, the ex- 
pression for V, in order to embrace the whole mass of the 
spheroid, must be integrated from R' = 0, to R' = R, R de- 
noting what R' becomes at the surface; from p! — — 1 to 
ff=z 1 ; and from w'= to •ar / = 2-ir, Qtt being the circumfe- 
rence when the radius is unit. In this case V must be reduced 
into a series containing the descending powers of r, which we 
may thus represent, viz. 

v b(°) . bO . b( 2 > . SCO s 

V = -— . J ^ J 4. ___ .... &c. 

and if we expand the radical in the last expression of V into 

a similar series, and use Q^ to denote the same thing as for- 
merly in No, 4, we shall get, by equating the corresponding 
terms, 

* Mec. Cel Liv. 3c No. 8. 
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In this expansion B^ , in every case is equal to the mass of 
the spheroid : and with regard to the second term, Laplace 
has remarked that it may be made to disappear by fixing the 
origin of R', which is an arbitrary point, in the centre of gra- 
vity of the spheroid. To prove this, we have 

B (I) =fffo n ■ d& • 4*' • & > Q ( ° : 
but dM = R" . 4R' . dp' . dvr'; and R' . Q (l) =: R' . y = p x Ry 
-J- v/i — ft* . cos. wxR'-V 1— •ft ,a . cos. ■&' -f: \/i— p*. sin. ■ar 
x R' . Vi— ft'* . sin. ■sr' = ft x .z "4- v ^ 1 — /*" • cos - w x jy + 
s/ x — ft" . sin. "sr x z; where x, y, z denote as before the co- 
ordinates of the molecule dM: therefore, by substitution, 

B (l) = ft %fx . dM -f V 1— ft-, cos. -w xfy.dM 

-f V 1— ft 2 . sin. -sr x r» . c?M; 

now, if all the planes to which x, y, z, are perpendicular pass 
through the centre of gravity ; then, by the nature of that 
point, fx . dM = ; Jy . dM == 0; fz . dM = : therefore 

B (0 = o.f 

In the expression of B^ none of the integrations can be 
executed in a general manner, excepting that relative to dK' : 
let R denote what R' becomes at the surface of the spheroid; 
then 

B^^^.ffK^.d^.d^.Q^. 

8. When the attracted point is within the spheroid, the 
value of V will be represented by a series of the ascending 
powers of r : let 

■* Mec. Cel. Liv. ^e, No. 9. f Ibid. Liv. $<?, No. 1.2. 
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V = b (c ° + 6 (I> . r + b (2) , r« + 6 (3) . r* + &c. ; 
then by expanding the radical in the formula (4) into a series 
of a similar form, and equating the corresponding terms, we 
shall get 

# = fff dR ' ' ** • dm ' ' ^° .* 

In this value of b (l) , the integration with regard to dR' can- 
not be executed from R' = 0, as in the former case ; because 
this expansion of V necessarily supposes that the attracted 
point is included within all the attracting matter: let R be 
what R' becomes at the surface of the spheroid, which is the 
outer surface bounding the attracting matter, and let p be the 
radius of the inner surface ; then, with respect to the matter 
between the two surfaces, and for a point within them both, 
we shall have 

In the case of i = 2, the expression of the coefficient takes. 
a particular form : for 

and, by integrating, 

b (2) =ff { log. R' - log. P } . d^ . d* . q (z) : 

Let us,now seek an expression of the force with which the 
whole spheroid attracts a point within the surface. For this 
purpose we shall suppose p to denote the radius of a sphere 
which completely envelops the spheroid: and we shall deter- 
mine ; first, the value of V, relatively to the matter between 
the spheroid and the sphere ; secondly, its value; relatively to 

* Mec. Gel. tiv. 3ej.N0. 1.3, 
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the whole sphere : then the difference of these values will be 
the quantity proposed to be investigated. 

With regard to. the first value of V, it is to be observed that 
R is here the radius of the inner, and p that of the outer sur- 
face; therefore (<?), 

But I say that^/Q • dp' . dw = o, when the fluent is extended 
between the proper limits : for p, p, and y are the cosines of 
the three sides of a spherical triangle, and w' — 73- is the 
angle of the same triangle opposite to the side whose cosine 
is y ; and if we put \J/ to denote the angle opposite to the side 
whose cosine \sp'; then since the fluxion of the spherical sur- 
face may be either dp' . dw' or dy . dty ; therefore, when the 
fluents are extended to the whole surface of the sphere, we 
shall have 

fQ (0 . dp' . d-m' =/Q ( ° .dy.fyssztaF .fQ . dy : 

but/Q • dy, between the limits y = — 1 and y = 1, is saa 
(No. 2) : therefore/Q (0 . dp' . dsr' = 0. 

Consequently the preceding expression of lP* will become 
simply 

«_2 JJ r ;_2 ' 

and the value of V, relative to the shell of matter between 
the spheroid and sphere will be expressed by this series, viz. 
V = iff(p — R a ) • dp' . d-sr'— r .ffR . dp' . d-ur' . Q (0 

- r\ fflog. R.df.'. dm' . Q (a) 

+ rK ff<£L£± 
+ &c. 

MDCCCXII. K 
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As to the value of V for the whole sphere, it is composed 
of two parts : one relative to the matter within the attracted 
point, which is a sphere whose radius is the distance of that 
point from the centre ; and the other, relative to the remain- 
ing matter of the sphere : the value of the first part is = 

— . r* ; the value of the second part is = \Jj (p 2 — r 2 ) x dp' . 

d*r': therefore the whole value of V is = £■ . r 2 + A//( p 2 -. r 2 ) 

. dp' . dsr'. 
By taking the difference of these two values, we get 



+ r 



i 

2 



Its- 



Q 



c) 



f/R.d, 

jTlog. R . dp' . dvr' . Q 

J J ~R ~ 

q(4) . di/f . dm' 



,(») 



IP 



R e 



&C. 



this is the value of V when the attracted point is within the 
spheroid ; and the terms in it that are unknown depend only 
on the radius of the surface, as in the case when the attracted 
point is without the surface. 

9. We now proceed to the application of the formulas that 
have been investigated. And in the first place we shall con- 
sider a spheroid differing little from a sphere : in which case 
R = a.(i-J-a.y),« denoting a coefficient so small that its 
square and other higher powers may be neglected ; and y' a 

rational and integral function of p', s/i — p" . cos. •&' and 
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\/i — p' 2 . sin. w'. It is to be understood that a . ( 1 + « • y) 
denotes that radius of the spheroid which, produced if neces- 
sary, passes through the attracted point ; and y is what y' be- 
comes when [a.' = [a and ■&' = w. 

Supposing the attracted point to be without the surface, we 
have No. y, 
., B(°> , b! 1 ) , B( 2 > , b('I a 1 

B" l = J -i 5 .jf/ , R'+>.+f.*>.Qi'. J 

and by substituting a . (1 -f- a . v') for R and retaining only 
quantities of the first order with regard to «, we shall get, 

J*» = £¥ .ff<f . W .dv> + «. J+> .ffy> . & . M Q<° : 

but, as has already been proved (No. 8 )»//*Q . 4*-' • <&*'= : 
therefore 

thus the value of B ( depends upon the integral/Y*y . djji,' . 

dm' . Q^ , which may be found by means of the analytical for- 
mulas in the first part of this discourse, as we now proceed 
to show. 

In the first place, when / is a rational and integral function 
of \if only without -m , which will be the case in spheroids of 

revolution : substitute for Q ( its developement in No. 5, writ- 
ing ©•'■ — n: for <p ; integrate from w'= to sr'= 2tt, observing 
that the fluents of all the terms which contain the cosines of 
a/—. ^ are of the same magnitude at both the limits, and there- 
fore they will add nothing to the value of the integral taken 
between these limits: then we shall have simply 

K 2! 
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ffy . 4/ . & . q (0 = a* c (0 .yy . 4/ . C' (0 : 

to execute the remaining integration we have only to apply 
the method of No. 4 : let the integralj^j);' . dyS . dts' . Q^ be 
denoted by 27r x U ( ; then by the method alluded to, 



) fo-iW'%'* 1 



2.4 6 22 

Ify be a rational and integral function of yJ, \/i — [J7 



cos. ■sr / and vA — [x' s . sin. */; it must be transformed into a 
series of the sines and cosines of ts' and its multiples ; then 

/=M C0) +(i-V*) f . M (l) .cos. w '+ (i-V 2 ) # .M (z) .cos. aar'&c. 

4- (t—^' 2 ) 1 . N (I) . sin. ^+ (1— ^) . N (2) . sin. a^'&c. 

the general term of the series being (1 — y/ 1 )^ . M (m) . cos. ms* 

+ ( i— (j/ a )^ . N ( *° . sin. n-a\ where M 00 and N°° denote ra- 
tional and integral functions of fx' ; and here the integral in 
question will consist of as many parts as there are indepen- 
dent functions contained in y'. In order to find the part of 
the integral resulting from the general term, we must mul- 
tiply that term into the expansion of Q^ investigated in No. 5; 
and in combining these two expressions we may omit all the 
terms which, after multiplication, would contain the sines and 
cosines of the multiples of ©•' ; because these, when they are 
integrated with regard to d-m\ will be of the same value at 
both the limits, on which account they will produce nothing 
in the value of the integral : this being observed, the only 

term of Q (! which it is necessary to retain is that one contain- 
ing cos. n (V— nr), which may be thus written, 
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^ . (I-!*')* • (lr-V)* • ™° • — ° ■ {COS. *« . COS. ^' 

-J- S J n « nis ' S ^ n * Mot ' } » 

and by combining this with the general term of f, there will 
result the following expression which is clear of the sines and 
cosines of variable angles, viz. 

dp *■ a?. 

+ sin. » v *Jf$*.(i-v. H ) 9 • ~f • N w . <*/.*'} : 

this expression again comes under the method of No. 4, ; let 
the integrality . d\tf . dm' . Q^ be denoted, as before, by 

27r . Ir ; then the part of U ( derived from the general term 
of y, will, by the method alluded to, be thus expressed, 

C 1 — ^-d^r • i cos - n **zZFrrr7: .'*. ai - + sin.»«- 

X 2.4.6 21 J ; 

and if all the parts of U^ be computed successively by means 
of this formula, the complete value of that quantity will be 
found by collecting them all into one sum. 

Having thus determined the value of the integral ffy' . 
dyJ . dm' . Q (/ , denoted by 2tt . U , we have 

B (0 = *. 27 r.« f+3 .U (0 : 
but it is to be observed, with regard to the case of i = 0, that 
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B (o) = ~//*R 3 . dy! . <fc' = | t ffdtf .dm' + *.a> .ffy> . 

dyf . da> . Q (o) = £ . a* + cc . 37 r . a 3 . U (o) . Therefore the 

value of V for a point without the surface of the spheroid, will 
be found by this series, viz. 

If the attracted point is within the surface, we must operate 
upon the series investigated in No. 8, of which the general 
terra is, 

" /— 2 'J J R Z_2 ' 

and if we substitute a . (l + a ./) for R, and reject the term 
which is evanescent as before, and likewise all the terms which 
are above the first order with regard to «; it will become 
simply, 

a a 

with regard to the particular termj^log. R . dyJ . d-d . Q (z) , 

we have only to substitute for log. R, its value log. a + a . y ; 
and it will become 

cc . r* .ffy' . dp! . dtf. Q (2) = 2tt . *a s . -J . U (2) ; 

also the term fJ^TR* . <V • ^' • Q (0) wi U become by substi- 
tution, 
T i/7*^' • dw' . -f «a« ./y . dyJ . dm' . Q (o) = aira*+ 2?r . *a\ U (o) : 

these things being observed, the value of V relative to a point 
within the spheroid, will be expressed by this series, viz. 
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V = _^! + 2ff .a*+ 27 r.^.{U^ + -f.U (l) +^.U (3) 

+ |.U (4) +&c.}. (6) 
The formulas (5) and (6) enable us to compute the attrac- 
tions of homogeneous spheroids on a point without or within 
the surface ; and, for a point in the surface, we may make use 
of either series, observing to put r.= a in all the terms mul- 
tiplied by a, and r = a . ( 1 -f- • « -J ) in the rest. When / is a 
finite function, the two expressions for V will both stop. It 
would be easy to deduce from hence the attractions of hete- 
rogeneous spheroids; but having nothing new to offer on this 
head, I shall refer the reader to Laplace's work, No. 14, 
Chap. 2, Liv. 3c 

The two serieses marked (5) and (6) will be found to be 
entirely equivalent to the formulas (3)* and (4)^ which La- 
place has given in the second chapter of the third book of 

'"4*3 

the Mecanique Celeste: for in effect the coefficient of a. . --37, 



in two of the serieses ; and the coefficient of « . -. — , in the 

a'- 2 ' 

other two, are only different expressions of the same integral 
Jjy' • dp' . dm' . Q^ , the symbol y' being always understood 
to denote a rational and integral function of three rectangular 
co-ordinates of a point in the surface of a sphere. In point of 
result therefore the two methods are one and the same, and 
the solutions they furnish are both applicable in the same cir- 
cumstances. Neither of them can be of use, unless the radius 
of the spheroid be first reduced into such a function asy is 
supposed to denote. The one solution can claim no preference 

•No. 11. f No. 13. 
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to the other; except in deducing the same conclusion with 
greater clearness and expressing it with greater simplicity, 
and in a form better fitted to fulfil the views of the analyst 
In these respects it can hardly be denied that the procedure 
delivered in the preceding pages has some advantages above 
that of the author of the Mecanique Celeste. The analysis here 
given is direct ; and it exhibits the several coefficients in sepa- 
rate and independent expressions derived immediately from 
the radius of the spheroid. On the other hand Laplace's 
investigation is indirect ; and the coefficients are found suc- 
cessively by decomposing the radius of the spheroid into a 
series of parts which follow a known law. If we now com- 
pare the two methods with respect to the grounds on which 
the investigations are founded we shall not find the same 
agreement between them. In this paper it is admitted as a 
necessary hypothesis, that the radius of the spheroid must be 
a rational and integral function of three co-ordinates of a point 
in the surface of a sphere: and, in consequence, the result of 
the analysis is limited to spheroids of that description. La- 
place, grounding his investigation on a property which, ac- 
cording to his demonstration, belongs to all spheroids that 
differ little from spheres, seems to prove that the radius of 
such a spheroid cannot be an arbitrary expression, and in this 
inference it is necessarily implied that the radius must be such 
a function as we have supposed it to be.* What in the one 

* Mec. Cel; Liv. 3c No. 11. In No. 11, by substitution in his fundamental theo» 
rem, Laplacb obtains this formula 

, U<°> 3 .U (0 S^ <2) , 
a or a> 

of this he remarki, a few lines below ; " Cette expression de y n'est done point 
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solution is assumed as a necessary hypothesis without which 
the investigation will not succeed, in the other, is derived as 
a necessary consequence of a more general supposition. Here 
then the two methods are so much at variance, that if one be 
rigorous and exact, the other cannot be exculpated from the 
charge of erroneous or insufficient reasoning. This contra- 
diction between the preceding analysis and the procedure of 
Laplace is entirely consonant to the conclusions obtained in 
my former paper alluded to in the beginning of this discourse; 
and the origin of it is to be sought for in the error I there 
pointed out in the investigation of that geometer. It cannot 
be denied that an error of calculation does exist in the de- 
monstration of the theorem on which that author's method is 
grounded : his reasoning is therefore imperfect and inconclu- 
sive; and the inferences he has drawn from it cannot be sup- 
ported in opposition to a rigorous analysis. 

10. The same procedure which has been applied to approxi- 
mate to the attractions of spheroids differing little from spheres, 
may likewise be employed to find accurate expressions in 
serieses of the attractive forces of any spheroid, provided the 
radius of it be such a function as the analysis requires. In 
both cases the research turns upon the same sort of integrals. 
Resume the general term of the series for the attractive forcp 
on a point without the surface, viz. 

*• arbitrate, -iriais elle derive du developpement en serie, des attractions des sphe. 
**' roides." 

In this formula it is necessarily implied, thaty is a rational and integral function 

of three rectangular co-ordinates of a sphere ; because all the terms — , — &c 

Sire necessarily such functions. 

.MDCCCXII. JL 
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suppose R to be a function of yS only, without ©■'; then, as 
before, 

*+3 -. •/ ^ 

2.+.6 21" 

but if R be a function of the most general kind, then it must 
be reduced to this form, viz. 

R f+3 ps M (o) 4- (i-V)* M (I> . cos. *r' + &c. 

+ (1— sff . N 0> . sin. *r'-f- &c.;, 

and the several parts that W* will consist of must be sepa- 
rately computed, as in the analogous case already considered. 
The same process will apply when the attracted point is within 
the surface. 

11. To complete the plan of this discourse, it remains that 
we apply the theory laid down in it to the case of the ellip- 
soid. Let the semi-axes be k, k r , k n , the first being the least 
of all the three; and let x,y, z, respectively parallel to the 
same axes, be three co-ordinates of a point in the surface : 
then will the equation of the solid be 

£ a. £ jl *1 — ■. * 



put x sss Rfji'; y = R . V 1 —yj* . cos. w'; and % = R . \ZitTJ7% 
sin. sr'; then by substitution, 

R*J>'* _i_ (!-<*") c os. V , (i-^) 8in.V? 

tt IF "« F • W 1 = 1: 

farther, let e = ~ ; /= ~ ; and * = {/• + * ( i_ tf*) cos. V 

+/. (1— >*) . sin. V; then R= 4: and if this value, of 
R, or the radius of the ellipsoid, be substituted in the general 
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term of the series for the attractive force on a point within 
the spheroid (No. 8), that term will become 



1—3 



In the first place I say that all the terms in which i is odd 
are evanescent. For 5 = e -~ -f- (1 — - + /} • V<' 2 + -j • ( 1 ~ & n ) 

cos. an'; whence it follows that s 2 may be expanded into a 

series of this form, viz. A ( -f- A ( . cos. ssr'-f- A*- . cos. %& 

. . . A* . cos. mis' . . &c. ; of which the general term is A*- 
„ cos. 2«sr', and if we combine this quantity with the expansion 

of Q ( (No. 5), there will result one term, and only one, in- 
dependent of sines and cosines, viz. 

**>■. («-,-)- • ff ■ffi^-p ■ $f ■ A« • +«: *; 

all the other terms, produced by the multiplication, contain sines 
or cosines of variable angles ; on which account they vanish 
when they are integrated with regard to d-®' between the re- 
quired limits : since s contains no other power of p/ but jtt' 2 , it is 

1 — 2 

plain that every coefficient of the developement of s 2 , as A , 
will be an even function of yf, or will contain only even powers 

of that quantity: and, because i is odd, therefore C , and all 
its fluxions of the even orders, will be odd functions of f// : 
upon the whole then the quantity under the double sign of 
integration will be an odd function of [if; or it will be an assem- 
blage of the odd powers of that quantity : therefore the in- 
tegral, between the limits yf = 1 and pf= — 1, is equal to 

L 2 
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nothing (No. j^). therefore all the terms are evanescent 
when i is odd. 

Again I say that all the terms are evanescent when i is even, 



1 — 2 



except when it is == 2. For in this case s z will be an inte- 
ger power, and it will contain a finite number of terms which 
may be generally represented- thus, viz. 

( ;1 _.p/*)v. M (n) . cos. s»w*; 
M^ being a rational and integral function of jj/: and this 

quantity when combined with the developement of Q ( , will 
produce one term, and: only one, clear of sines and cosines, 
viz. 

now since yf* is the greatest power in s, the greatest power 

in sT" will be yJ l ~ 2 ; therefore (i — y!*) zn . M^ . cannot con- 
tain any power of jj/ greater than /— 2, nor M^ any greater 

than 2— 2/2— -a, which number the dimensions of M^ cannot 
pass: but i—m, greater than /— 222— 2, denotes the dimen- 

j2«q'(/*) 

sions of — : therefore, by a property of this sort of inte- 

grals already demonstrated (No. 4), the preceding quantity 
is evanescent. Therefore all those terms of the series are 
evanescent in which 2 is an even number ; but from this the 
ease of i = 2,, when the term assumes, a particular form, must 
be excepted. 

If now we reject all the terms that have been proved to be 
evanescent, we shall have, for a point within or in the surface 
of the ellipsoid j 
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V = _ Sf + I .yjfgi" _ £ .^og. ,-. if . ^QW : 

in the last term I have written — i log. s for log. -~ — log. k 

>— -§■ log. s; because /Q . d^' . d& = •<?.. 

Before we pursue the investigation farther, we shall stop to 
demonstrate a property of the attractions of a shell of homo- 
geneous matter bounded by the surfaces of two ellipsoids, 
similar to one another and similarly placed, on a point within 
the shell. If we suppose k to denote the axis of the greater 
ellipsoid, and put h for the corresponding, axis of the smaller 
one ; then the value of V relatively to the latter solid will be 
found merely by changing k into h in the last expression ; be- 
cause 5 contains no quantities but such as are common to the 
two solids: therefore the value of V, relatively Jx> the shell 
©f matter included between the two surfaces, will be equal to 

fr—h* ppd^. d™ 

~T J J 1 ' 

a quantity which is independent on the position of the attracted 
point: therefore the differential coefficients of V for any co- 
ordinates of the attracted point are evanescent ; and conse- 
quently so are the attractive forces parallel to the co-ordinates 
(No. 6). Therefore a material point within such a shell, is 
attracted equally in opposite directions. 
Let us now investigate the value of 

ppd[j!d'a' 

JJ — r~ : 

put/> = e + (l— e) . \i/'; q=f-\- (i— J) ,y s ; then s=p t . 

iii „ » \/q\ sin. w' sin. u ,1 dvs 

eos. V+.ff . sm.V: assume v 4. , . — • then — =3 

* • ■ * p\ COS. 12 COS. u ' s 

—r^r ; therefore by restoring the values of p and q } we get 
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p pdy. . dm ___ pp d t J. du . 

let i=f = £=£ = v; ^ = fe£ = x"; and 

F = / *-- = — l=. J ! L= _ — : — i between the limits # = o and .r == i : 

then observing that the preceding integrals increase as much 
from {/== — 1 to {a'= o, as they do from fj/ = o to (ju'= 1; 
and likewise that the limits of u are from u = o to u = 'aw ; 
we shall get 

jP pp dtt! . fe' , anr.ft* t^ 

It remains to find the value of 

t 'jy^°s- s • 4**' • ^ • Q • 
Taking the value of Q (2 in terms of y (No. 3), we have 
r ! Q (z) = r». (| <f— |) : let a,6, c, denote the co-ordinates of 
the attracted point ; then a = r . y, ; b = r. s/i — jT* . cos. ©• ; 
c==r . %/ 1 — fx* . sin. w ; therefore 

r . y = a . p/ 4- b . s/ 1 -— jt," . cos. m* 4- c . VY— -[j/ 1 . sin; a' : 
consequently 

r>.Q& = a- (|^-|) •+*■; {1(1-!-") COS.V- 1} 

+ £-.{2(i-^)sin.V-i} 

4- 3^6 . [/ \/i — {a'\ cos. ??' + $ac . [/ v/i — (ju' x . sin. w* 

4~ 3^ • C 1 — [-'*) • cos - OT ' s ' n - *>•': 
but log. 5 may 'be reduced into aperies of this form, Viz. 

A ( -|- A ( . cos.- sot' 4- A (z) . cos: 4^*4- &c. 

and we may neglect all' such parts of Q (2 ^ as multiplied by 
this series would produce only quantities containing sines and 
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cosines: on this account, we may make 
i\ Q< 2 > = a*. (|- ^- £) + 6\ {f (i- ^) cos. V- 1} 

therefore,, 

+ T^ l0 S- 5 -^^- {t(i-^) cos. V-f] 
+ £jfto&*.djf.hr. {i(i-^) sin. V- *}.. 
Let the term multiplied by — be integrated by parts with 
respect to dtf, then/log^ ..dyf\ [*f -f) == log. s x ^-' 

( d t\ 
-j- . -j- . 4* : but — . (j^j = p'—v*. *:: 

therefore, observing that the term without the sign of; inte- 
gration vanishes both when &'= — i and jjt/= l ; the value 

of the coefficient of— will be equal to 

and because ~ = -~L ; therefore the first term of the quan- 
tity sought will be equal to 

It . a . I - — 



which is equal to 

the fluent here being taken from x=sp to x = l. Seeking to 
express this value by means, of the integral F, I have found 
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in general, /V- -^ 8 = -==£====« + i„ 

U 1*7' W*'J • 

- *» 

therefore, making x = i, the first term will become, 

2g.a» f i , J_ IdF] , j_ ldP\ I 27T . a* 

V^T" * I V(i+x*).(i+^) T" x I A) "*" X' l*?'j 5 '"""* 3 • 

With regard to the term containing 6 s , it may be changed 
into an equivalent expression similar to the first term we have 
just been considering: for if, at entering on this investigation, 
we had substituted in the equation of the solid, x = R . V i — yj* 

. cos. V ; y = R' . \if ; z = R . \/i— yf*. sin. V ; which sub- 
stitutions are entirely arbitrary ; we should have found s == 
qi/* + (l— (*/■) cos. V+/x (i— fx' 2 ) sin. V; and the term 
we are seeking, multiplied by b*, would have been changed 
into 

and hence by proceeding as before, we derive this value of 
that term 

and if we put p = l -f- (e — l) . yf ; £ ==/* -f (<? — /) . y* • 

i ./ ol sin. «r' sin. ?« .i . . » ■ • » , 

also v X . , — — . : then, s = p . cos. V 4- q . sin. V ; 

£ j cos. «r cos. u > i i ? ' 

— = --= ; consequently, by substitution, and integrating with 

regard to u, and confining the integration with regard to yS be- 
tween the limits y/zs o and yf= l ; we shall get, 

27T . tf . / . i - — J—, 
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If we make u'= -±s £ ===*=;* the integral % the, last ex- 
pression will be transformed into 



•/ 



\_ p ; x*.dx x __i _i_ fdF\ 



therefore the value of this term is 

Vef*" * W 3 ' * 

And, by proceeding in a manner entirely analogous, it may 
be shewn that the remaining term multiplied by c i , is equal to 

If M denote the mass of the ellipsoid, then M = — . M'£" 
s= ~p=; and ~= = ^; therefore by collecting all the 

parts of V, into one sum, we have 

V-lH F- 3 M - a * 5 L L I/£1 , 1 (MM 

. 3M.6* 1 fdF\ . 3 M.c* ±ldF\ 

£'* J* J»i 1* 

* — * »», K — * ___ ./a 

F= / - =~= — — — (from x = 0, to x = 1 ). 

The case of an oblate elliptical spheroid of revolution cor- 
responds to the supposition of k'= k" or x = x' : but in taking 
the partial fluxions of F we must attend to the peculiarity 
that takes place when x = x': for in general dF = (— ] dx -f. 
(^j) <&' ; and hence when x = x', d¥ = af ~) . dx: now when 
x = x', F= i. . arc. tan. x ; consequently ■£■(£)=£ (f ) 

• Mec. Cel. Liv. 3c No. 3. 
MDCCCXII. M 
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= — — (arc. tan. x — 773?): m this case then we shall 
have 
V= ^ . ~ . arc. tan. x — $~£ . i. . {„ _ arc. tan. x} 

- § • (** + • 2 ^. {arc. tan. x - r ^ ? }. 
If this value of V be substituted in the equation of the sur- 
face of a homogeneous fluid mass which is in equilibrium by 
the joint effect of the attractions of its molecules and a rota- 
tory motion ;* it will be proved that the oblate spheroid satis- 
fies the conditions of equilibrium, and the relation between 
the velocity of rotation and the eccentricity of the spheroid 
will likewise be determined^ 

* Mec. Ccl. Liv. je, No. 23 et 24, 



